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Improved Measurement Method of Material
Properties Using Continuous Cavity Perturbation

Without Relocation
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Abstract— Depolarized fields inside a magnetodielectric sample
interfere with the accurate measurement of sample characteris-
tics in a cavity perturbation method. These depolarized fields
occur due to the polarization of the test sample, depending on
the volume and shape of the sample, in the electromagnetic field.
To characterize the magnetodielectric sample more accurately,
we proposed an advanced rectangular cavity (RC) perturbation
method. In this method, we investigated the change in the
resonant frequency and Q-factor of a cavity which depends
on the volume, and shape of the sample, and depolarized
fields within the sample. The depolarizing factor for calculating
the permittivity and permeability of the sample is derived by
separating the uniform and depolarized fields within the sample
when the sample is inserted in the cavity. These separations
of fields play an important role to improve the measurement
accuracy. The proposed unified RC perturbation technique is
validated initially by measuring the resonant frequency and
quality factor and then calculating the complex permittivity and
permeability at the TE10l mode. The standard dielectric material
(Al2O3) and magnetic material (YIG) samples are measured with
the vector network analyzer. The measurement was performed
when the magnetodielectric sample having various shapes and
volumes inserted into the RC resonator. In comparison with
the previous cavity perturbation methods, the permittivity and
permeability have been calculated more accurately with various
shapes of the test sample, and we also found that the ratio of
the maximum sample volume to the cavity for various samples
increases about 40%. Based on the proposed method, for a
cube-shaped sample, we obtained the complex permittivity and
permeability consecutively at each resonance mode without any
physical relocation of the test sample. Therefore, the test sample
is capable of continuous more accurate and more effective
measurement in the desired frequency band without relocation
using the proposed technique.

Index Terms— Cavity perturbation technique (CPT), complex
permeability, complex permittivity, Q-factor, resonator.

I. INTRODUCTION

MEASUREMENT method for complex permittivity
(ε∗

r = ε�
r − jε��

r ) and complex permeability (μ∗
r =

μ�
r − jμ��

r ) of magnetodielectric materials using resonant
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cavity perturbation has been established and improved pro-
gressively in the microwave and RF engineering. The cavity
perturbation technique (CPT) is the most common resonator-
based approach for the characterization of magnetodielectric
materials that have a homogenous and isotropic structure
at microwave frequencies [1]–[25]. The conventional CPT
formulas for measuring material properties can be derived
from Maxwell’s equations mentioned in [1]. It is well known
that the complex permittivity of dielectric samples is obtained
in the maximum E-plane of the cavity, whereas the com-
plex permeability of the magnetic sample is obtained in the
maximum H -plane of the cavity. Moreover, in the rectangu-
lar cavity (RC), the test sample is placed vertically in the
electric field and horizontally in the magnetic field [1], [2].
However, it has been reported that the polarized field occurs in
cavity, which disturbs the sample characteristics measurement
[12], [13], [17], [21], [26]. When the test sample is inserted
and placed at the maximum field position of cavity in the
presence of electric or the magnetic fields, the sample gets par-
tially polarized and the degree of polarization varies with the
sample dimension. Hence, the effective volume and polarized
field of the test sample significantly influence the accuracy
of measurements inside the cavity. Therefore, in order to
maintain the accuracy in the earlier CPTs, the test sample
should be specific rod or bar-shape, which equals the height
of the cavity to decrease the interference of the polarization.
Many previous researchers have proposed various ways to
measure more accurate properties of the sample positioned
at the maximum electromagnetic field [11]–[16].

In this article, our objective is to address the possible solu-
tion to determine the complex permittivity and the complex
permeability of materials mathematically more accurately and
compare the results between the proposed and conventional
CPT formulas using the simulations and experiment. In this
article, we adopt an RC resonator where the transverse elec-
tric (TE) mode is dominant as per the resonance frequency
equation [1]. The conventional RC formulas to evaluate the
complex permittivity and the complex permeability have been
improved and modified to suit all shapes and dimensions of the
sample. A previous work on CPT integrates the electromag-
netic fields of cavity and polarization inside the sample [3]–[5],
[12], [13], [16], [17]. However, in our approach, we modi-
fied and improved the formulas to correct and separate the
polarized field and original field inside the sample. Moreover,
we define the valid volume and depolarization factor according
to the various shapes of the sample. Then, applying them to
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the perturbation theory, we evaluated the modified CPT. The
accuracy of the characterization of reference magnetodielectric
sample properties of different shapes and volumes through the
CPT measurement has been verified using the vector network
analyzer (VNA). The purpose of this article is to demonstrate
that the new technique can measure more accurately and easily
the complex permittivity and permeability than the conven-
tional CPT. This article is organized as follows. Section II
discusses the conventional cavity perturbation formulas to
determine complex permittivity and permeability of materials
along the E- and H -planes. Section III introduces an advanced
rectangular CPT, in which modification and improvement are
applied by considering the effect of depolarization on the test
magnetodielectric samples. To prove the proposed method,
Section IV explains the maximum volume of the test sample
having different shapes and sizes in simulation. The practical
experiment and results on real data have been reported and
discussed in Section V. Finally, we apply our method to a new
measurement idea in Section VI, followed by the conclusion
in Section VII.

II. THEORETICAL BACKGROUND

The perturbation equation is derived from Maxwell’s equa-
tion [1]

�ω

ω0
= − ∫

VS
(�εE · E

∗
0 + �μH · H

∗
0)dV∫

VC
(D0 · E

∗
0 + B0 · H

∗
0)dV

(1)

where �ω = ωs − ω0 is the complex resonant frequency shift
between the complex resonant frequency of the cavity with the
sample (ωs) and without the sample (ω0). Here, E0 and H0
are the electric and magnetic fields in the cavity without the
sample, while E and H are the electric and magnetic fields
in the cavity with the sample. The volume integral over term
H0 and B0 in the denominator is absorbed as a factor of 2
because the time average of the energy is twice the energy
stored in the electric field [6]. In the maximum E-plane,
the terms with H 0 in the numerator vanish, whereas, in the
maximum H -plane, the terms with E0 in the numerator also
vanish. The general expression of the CPT formula available in
the literature for the microwave material properties’ calculation
[1], [2]

ωs − ω0

ω
= − (ε∗

r − 1)
∫

VS
(E · E

∗
0)dV

2
∫

VC

∣∣E0
∣∣2 dV

(2)

ωs − ω0

ω
= − (μ∗
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∫

VS
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∗
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2
∫

VC

∣∣H0
∣∣2 dV

(3)

where ε∗
r = ε�

r − jε��
r and μ∗

r = μ�
r − jμ��

r are the complex
properties of the sample under the measurement. The variables
Vs and Vc represent the volume of the sample and those of
the cavity, respectively. The complex resonant frequency can
be separated into the real and imaginary parts as [1], [3]

ωs − ω0

ω
= fs − f0

f0
+ j

2

(
1

QS
− 1

Q0

)
(4)

Fig. 1. Example of the finite-volume sample placed in the maximum
electromagnetic field of the TE10l mode inside the RC.

where f0 and Q0 are the resonant frequency and the quality
factor of the unperturbed cavity, while fs and Qs repre-
sent the corresponding parameters for the perturbed cavity,
respectively. The formulas, proposed in the literature [3]–[5]
to calculate the complex permittivity and permeability of the
sample placed vertically and horizontally in the RC, are the
classic perturbation method formulas given as

ε�
r = 1 + 1

2

(
f0 − fs

f0

)
VC

VS

ε��
r = 1

4

(
1
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)
VC
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(5)
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)(
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)
VC

VS

μ��
r =

(
λ2

g + 4a2

16a2

)
VC

VS

(
1

QS
− 1

Q0

)
(6)

where λg = (2π/β) and a is the width of RC. Equations (5)
and (6) are derived, assuming that the test sample has full
length as of the cavity and has an infinitesimally small
thickness.

The measurement structure shown in Fig. 1 can be consid-
ered as the classic cavity perturbation measurement. However,
the accuracy of the classic CPT formulas (5) and (6) cannot
be trusted in different conditions of inserted samples. In other
words, the accuracy of these equations requires the following
conditions.

1) The sample length is equal to the height or width of the
RC when placed vertically or horizontally, respectively.

2) The sample volume should be infinitesimally small.
3) The sample should be located at the maximum E-field

and maximum H -field for complex permittivity and
complex permeability, respectively.

If these conditions are not satisfied, then the validity of the
assumptions E = E0 and H = H0 will no longer be true.
It can increase the uncertainty in the measurement for complex
properties of a material. Therefore, the field variation over the
sample must be considered, if the aforementioned conditions
are not met, for the accurate permittivity and permeability
measurement of magnetodielectric samples [11], [29].

Section III considers the above-mentioned problems of the
classic CPT, and consequently, we derive the modified form of
the closed-form expressions to define the complex permittivity
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Fig. 2. Side view of the sample position placed in (a) E-plane and (b) H -
plane. (c) Sample dimensions are t , h, and w for thickness, height, and width,
respectively. First sample dimension is to measure the complex permittivity
and next sample dimension is to measure the complex permeability.

and permeability of various samples placed in the E- and
H -planes of the RC.

III. ADVANCED CAVITY PERTURBATION METHOD

When the sample is inserted in the E- and H -planes of the
RC, the electromagnetic field variation occurs vertically or hor-
izontally. Due to this phenomenon, we can estimate the
accurate characterization of material properties based on the
direction and scale of the field variation. Therefore, the sample
position is very important. Since the position of the sample,
shown in Fig. 1, only perturbs the Ey and Hx components
in the maximum electric and magnetic fields, this position
is usually chosen to achieve the maximum sensitivity in
measuring the complex permittivity and permeability [2].

The classic formulas (5) and (6) does not consider the effect
of electric and magnetic field variations over different positions
of the test sample. To solve this issue and to calculate the
accurate sample properties in various sizes and shapes of the
sample, here, we investigate three points: valid sample volume
influenced by the electromagnetic field, field variations due to
the partially polarized field within the sample, and an ideal
electric or magnetic field from the RC.

A. Valid Sample Volume in the Electromagnetic Field

First, the valid sample volume is calculated from the numer-
ator of (2) and (3). It is observed in Fig. 2 that the tangential
field is having sinusoidal variation along the x-axis. Similarly,
there will be a sinusoidal field variation in the z-axis. These
sinusoidal variation analyses are not considered by the classic
formulas (5) and (6). The valid volume of the finite sample
can be integrated by the induced electromagnetic field at the
maximum electric and magnetic fields, respectively, which
result in the following equation:

V �
S =

∫ a
2 + t1

2

a
2 − t1

2

∫ b
2 + h1

2

b
2 − h1

2

∫ L
2 + w1

2

L
2 − w1

2

sin2
(πx

a

)
sin2 (βz) dxdydz

(7)

V �
S =

∫ a
2 + h2

2

a
2 − h2

2

∫ b
2 + w2

2

b
2 − w2

2

∫ L
2 + t2

2

L
2 − t2

2

sin2
(πx

a

)
cos2 (βz) dxdydz

(8)

where w1, t1, h1, w2, t2, and h2 are the sample dimension [see
Fig. 2(c)]. The parameters of a, b, and L are the dimension
of cavity resonator, as shown in Fig. 1. Equations (7) and
(8) indicate the integral equations at the maximum electric
and magnetic fields, respectively. For all positions inside the
RC, we need to redefine the sample volume at the resonant
location according to the field. The electric and magnetic
fields’ configuration of the TE10l mode from standing waves
inside the RC shown in Fig. 1 can be derived to have the
following nonzero field components. Hx , Ey , and Hz are each
dominant field in the x-, y-, and z-directions of the TE10l

mode, respectively [2]

Ey = E0 sin
(πx

a

)
sin(βz)

Hx = −βa

π
C sin

(πx

a

)
cos(βz)

Hz = C cos
(πx

a

)
sin(βz) (9)

where C = ( jπ/kηa)E0, β = (lπ/L), E0 is the maximum
amplitude of the electric field at the resonant point shown
in Fig. 2(a), a and b are the length of xy section in the RC,
and L is the length of the cavity along the z-direction. The
symbol “l” represents the z-directional orders of the pattern
in the TE10l mode (l = 1, 2, 3, . . .). Considering the fields
(9) that vary depending on the position of RC, we integrate
(7) and (8) in accordance with the tangential field. The valid
sample volume affected by the field variation can be obtained
when the sample is partially placed in the maximum electric
and magnetic fields

V �
S = h1

(w1

2
+ a

2π
sin

(πw1

a

))(
t1
2

+ L

2πl
sin

(
lπ t1

L

))
(10)

V �
S = w2t2h2

4

(
1 + sin (kxh2)

kxh2

)(
1 + sin (kzt2)

kzt2

)
(11)

where kx = π/a, kz = (lπ/L), and l is the TE10l resonant
mode number. Formulas (10) and (11) are the calculation
results when the bar-type sample is located around the cen-
ter of the rectangular resonator [8]–[11]. For the full-length
sample having infinitesimally small thickness, the modified
formulas (10) and (11) simplified to the original volume of
the sample (Vs = w × t × h). Furthermore, by utilizing
these final modified rectangular CPT equations, we are able
to estimate the maximum sample volume to the cavity ratio,
which will be discussed in Section IV, and then, we can
verify the effective volumes by the measurement to the various
samples in Section V.

B. Polarized Field in the Sample and Ideal Field From RC

Complex permittivity and permeability of a magnetodielec-
tric sample can be determined by the classic CPT when the
test sample length equals the length of RC. However, if the
test sample length is shorter or the sample is not rod/bar shape,
then the classic CPT is not applicable. This is due to the
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Fig. 3. Depolarization of the sample in the applied field from RC.

partially polarized field within the sample by the applied field
from the RC. Then, new electric and magnetic fields for com-
plex permittivity and permeability must be derived. Recently,
some researchers reported an idea to solve the problem of the
classic CPT [12], [13]. They evaluated the total vector sum of
the applied field and the depolarizing field. Different from the
previous article, we divide the field variation into two parts
and analyzed them individually. One part is the ideal field
from the RC, and the other part is the polarized field in the
sample. This approach adds more accuracy to the calculation
of magnetodielectric sample properties and first step to go
beyond the limit of the classic CPT

E = E ideal − E p

D = Dideal − Dp (12)

H = H ideal − H p

B = B ideal − B p (13)

where subscript “ideal” indicates the ideal field inside the
sample from RC and subscript “p” indicates the polarized
field inside the sample from RC. It can be noted in Fig. 3 that
the polarized field in the sample will point in the opposite
direction to the applied electric field called depolarization.
Therefore, the polarized field is subtracted from the ideal field
in the sample. The electric ideal field and the depolarization
field can be calculated. The displacement field is obtained by
multiplying the permittivity of free space (ε0), the complex
permittivity of the sample (ε∗

r ), and the electric field (E ideal)
from RC. It can be expressed as [1]

Dideal = ε0ε
∗
r E ideal. (14)

The polarized field can be calculated from the polarization
magnitude, which is depolarizing factor (N). In a linear
medium, the electric polarization is linearly related to the
applied electric field as [13]

E p = N P

ε0
(15)

P = ε0(ε
∗
r − 1)Es (16)

where P is the polarization magnitude, E p is the polarized
electric field, and Es is the total electric field that is the sum
of the ideal field and the polarized field. After substituting the
total electric field inside the sample, we can get

Es = E ideal − E p = 1

1 + N(ε∗
r − 1)

E ideal. (17)

Therefore, the polarized displacement field can be finally
calculated as

Dp = ε0ε
∗
r E p = ε0ε

∗
r

N(ε∗
r − 1)

1 + N(ε∗
r − 1)

E ideal. (18)

Fig. 4. Formation of (a) image dipoles in the electric field [16] and (b)
image dipoles in the magnetic field.

Likewise, the magnetic ideal field and the depolarization
field can be evaluated. The magnetic flux density is obtained
by multiplying the permeability of free space, the complex
permeability of the sample, and the magnetic field from RC [1]

B ideal = μ0μ
∗
r H ideal. (19)

Moreover, the polarized magnetic field can be obtained as
starting from (20) [16], [17]

H p = N M (20)

M = (μ∗
r − 1)Hs (21)

Hs = H ideal − H p = 1

1 + N(μ∗
r − 1)

H ideal (22)

B p = μ0μ
∗
r H p = μ0μ

∗
r

N(μ∗
r − 1)

1 + N(μ∗
r − 1)

H ideal. (23)

The parameter of the depolarizing factor N depends on the
geometrical dimension of the sample and has been evaluated
as [14]–[16]

Ni =
∫ ∞

0

(x1y1z1)du

2(u + i2)
√

(u + x2
1 )(u + y2

1 )(u + z2
1)

i = x1, y1, z1(x, y, z − direction). (24)

Based on (24), we can define and apply the value of factor
N according to the proportion of the length in the x-, y-, and
z-directions.

Because the RC is surrounded by perfect electric conducting
(PEC) walls, there will be the effects of images of depolarizing
field to the cavity [16]. Fig. 4(a) and (b) shows the successive
position of the electric and magnetic dipoles on the rectangu-
lar conducting walls. The electric field of dipoles occurred
and generated the successive images on conducting wall,
as reported in [16], can be defined as effective depolarizing
factor Ne in the electric field. However, in the magnetic field
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of a dipole, there are the opposite direction of fields on the
conducting wall [1]. Hence, the effective depolarizing factor
Nm is likely to get modified, especially when the length of
the sample is less than the width of the cavity. When the
length and the cross-sectional area of the sample are 2h and
A, respectively, and the width of cavity is 2D, the magnitude
of the magnetic polarization of image dipoles (first, second,
· · · ) has the format shown as

M1 = MidealVS

A(4D − 2h)
, M2 = MidealVS

A(4D + 2h)
· · ·

Due to the sum of the sample polarization and its image
dipoles, the depolarization field (H p) can be calculated as

H p

= −N M ideal

(
1+ h

2D−h
− h

2D+h
+ h

4D−h
− h

4D+h
· · ·+∞

)

= −N M ideal−N M idealh
∞∑

n=0

(
1

(2n+2)D−h
− 1

(2n+2)D+h

)

= −N M ideal

[
1− 1

2

(
h

D

)2 ∞∑
n=1

1( h
2D

)2−n2

]

using the standard mathematical series of [27]
∞∑

n=1

(
1

z2 − n2

)
= π

2z
cot (πz) − 1

2z2

leads to

H p = −N

[
2 − hπ

2D
cot

(
hπ

2D

)]
Mideal. (25)

Comparing (25) with (24), the effective depolarizing factor
Nm in the magnetic field can be changed. Therefore, the
effective depolarizing factor in the electric and magnetic fields
can be written as

Ne = N
πh

2H
cot

πh

2H
, Nm = N

[
2 − πh

2D
cot

πh

2D

]
. (26)

C. Modified Cavity Perturbation Method

For improving the problem of classical CPT, we evaluated
the characterization of sample volume in the maximum field
and separated the depolarization field from the ideal field. The
modified conventional reported formulas (2) and (3) at the
maximum E- and H -fields can be written as

ωs − ω0

ω
=

(
1
ε∗

r
− 1

) ∫
VS

E ideal · (D
ideal
s − D

p
s

)
dV

2ε0
∫

VC
|Eideal|2dV

(27)

ωs − ω0

ω
=

(
1
μ∗

r
− 1

) ∫
VS

H ideal · (B
ideal
s − B

p
s

)
dV

2μ0
∫

VC
|Hideal|2dV

(28)

where the subscript s indicates the field or frequency after
inserting the sample, and superscripts ideal and p indicate the
original and polarized fields from the RC, respectively. By
equating the real and imaginary parts on each side of (27)
and (28), we obtain the final modified formulas shown in
Appendix B for measuring accurate complex permittivity and

permeability of magnetodielectric materials. Equations (29)
and (30) are simplified from the equations in Appendix B.
Derived formulas (29) and (30) have better accuracy for char-
acterizing the properties of materials for complex permittivity
and complex permeability, respectively

f0 − fs
f0

= [(
ε�

r − 1
) − E P real

]
2

V �
S

VC
1

QS
− 1

Q0
= 4

V �
S

VC

[
ε��

r − E P imag
]

(29)

f0 − fs
f0

= [(
μ�

r − 1
) − H P real

] 8a2

4a2 + λ2
g

V �
S

VC

1

QS
− 1

Q0
= [

μ��
r − H P imag

] 16a2

4a2 + λ2
g

V �
S

VC
(30)

where EPreal and EPimag are the calculated terms for the real
and imaginary parts, respectively, to adjust the error rate of the
complex electrical property of a material. Likewise, HPreal and
HPimag are the calculated terms for the real and imaginary
parts of the complex magnetic property. In addition, it is
noted that (29) and (30) can also be simplified to the original
cavity perturbation formulas by applying the aforementioned
preconditions. Therefore, if effective depolarizing factor goes
to zero, (29) and (30) are reduced as

lim
Ne→0

f0 − fs
f0

= (
μ�

r − 1
)
2

V �
S

V �
C

lim
Nm →0

f0 − fs
f0

= (
μ�

r − 1
) 8a2

4a2 + λ2
g

V �
S

V �
C

(31)

lim
Ne→0

1

QS
− 1

Q0
= 4ε��

r
V �

S

V �
C

lim
Nm→0

1

QS
− 1

Q0
= μ��

r
16a2

4a2 + λ2
g

V �
S

V �
C

. (32)

In Section IV, to prove the improvement of our method,
we show the simulation results compared with the previous
research, using the MATLAB and Computer Simulation Tech-
nology (CST) microwave studio for determining the maximum
sample volume ratio to the cavity. Then, we analyze the
practical experiment on real data to calculate the accurate
complex permittivity and permeability of the various test
samples by utilizing the proposed rectangular CPT.

IV. SIMULATION RESULTS FOR PROPOSED METHOD

(MAXIMUM VOLUME OF SAMPLE)

It is important that we know the maximum sample volume
to evaluate the complex properties of the sample in CPT accu-
rately. If the sample can be measured in a wider volume range,
we can measure the complex properties of different kinds
of material more easily. The maximum volume range of the
sample having various geometries with complex permittivity
has already been evaluated in [12] by considering only the
real parts and assuming the frequency shift range condition
[( f0 − fs)/ f0≤10−3]

f0− fs
f0

= 2 · VS

VC
· N(ε

�2
r +ε��2

r )+(1 − 2N)ε�2
r +N−1

(Nε�
r −N+1)2+(Nε��

r )2 ≤10−3.

(33)
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We can calculate the feasible maximum sample volume ratio
(V �

s /Vc)max in our proposed rectangular CPT using (33) and
compare with the maximum sample volume ratio as reported in
[12]. By equating the real part of (29) and assuming the same
frequency shift range condition as in [12], it can be written as

f0− fs
f0

= (ε�
r −1)2

V �
S

VC

−2Ne
[((

ε�
r −1

)2−ε��2
r

)(
Neε

�
r −Ne+1

)+2
(
ε�

r −1
)
ε��2

r Ne
]

(
Neε�

r −Ne+1
)2+ε��2

r N2
e

× V �
S

VC
≤ 10−3.

Thus, the ratio of maximum sample volume to cavity
volume (Vs/Vc)max is given by
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(34)

By using (34), the ratio of maximum sample volume to
the cavity volume can be optimized by the MATLAB pro-
gram as a function of real and imaginary parts of complex
permittivity employing the proposed rectangular CPT. Fig. 5
shows the sample volume ratio (Vs/Vc)max with the different
sample shapes of dielectric rod/bar (h = b), disk/strip, and
sphere/cube. It can be noticed from the simulated results that
the ratio (Vs/Vc)max increases or decreases with the complex
permittivity values. In comparison to the previous investigation
[12], the increase in ratio (Vs/Vc)max can be seen, for the
three different geometries of the sample. To compare the
numerical increase with the article [12] in Fig. 5, we evaluate
the comparison of (Vs/Vc)max with low-loss Al2O3(ε

∗
r =

8.9 − 0.004iat2.45 GHz) [18] and high-loss SiC (ε∗
r =

26.66 − 27.99iat2.45 GHz) [19] in Table I. The increased rate
of the ratio (Vs/Vc)max is following the order with different
geometries of the same material: sphere/cube > rod/bar >
strip/disk. It is observed that (Vs/Vc)max is increased up
to almost 40% in the example geometries except for the
strip/disk. In the case of strip/disk, the dielectric material has
the N value equal to “1.” It means that the material is suffi-
ciently polarized as the capacitor in the electric field. There-
fore, when the disk-shaped sample is sufficiently polarized,
then the reported CPT [12] can also be useful. However, if the
sample has other shape, then we should consider an alternative
method to improve the accuracy. Therefore, we address various
shapes of samples for our proposed rectangular CPT in this
article.

Likewise, the maximum volume range of the sample having
various geometries with complex permeability can also be
obtained by applying the frequency shift range condition
[( f0 − fs)/ f0 ≤ 10−3]. TE105 resonance mode is arbitrarily
selected for simulation. We consider the magnetite CPT, which

Fig. 5. Maximum sample volume (Vs/Vc)max. (a) Dielectric rod/bar.
(b) Dielectric sphere/cube. (c) Dielectric strip/disk.

has already been calculated by demagnetizing cavity modes in
[17]
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= 8a2
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g
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(35)
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TABLE I

MAXIMUM SAMPLE VOLUME RATIO TO THE CAVITY (Vs/Vc)max FOR EVALUATE PERMITTIVITY

By equating the real part of (30) and assuming the same
frequency shift range condition as in [12], it can be written as
f0 − fs
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= (μ�
r − 1)
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g
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g
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S

VC
≤ 10−3. (36a)

Thus, the ratio of maximum sample volume to the cavity
(Vs/Vc)max is given by
Similarly, the proposed formula (36) can be used to compare
with the reported result in [17], for the complex permeability
of magnetite using the demagnetizing factor. The results of
plotting (Vs/Vc)max as a function of complex permeability
are shown in Fig. 6. It is noticed that the maximum value of
ratio (Vs/Vc)max as a function of the complex permeability
highly depends on the sample geometry. To verify how much
the values of ratio (Vs/Vc)max increased between (35) and
(36) from Fig. 6 accurately, we use the magnetic samples
NiFe2O4(μ

∗
r = 15.42 − 0.428i) at 2.67 GHz and LiZnFe2O3

(μ∗
r = 24.18 − 0.541i) at 2.67 GHz [3]. The results in Table II

demonstrate the increase in the value of (Vs/Vc)max used by
the proposed rectangular CPT. It is observed that the volume
ratio (Vs/Vc)max is also increased up to almost 39% in the
example geometries except for the strip/disk. In the case of
the strip/disk, the magnetic material has N value equal to “1.”
It means that the magnetic material is sufficiently polarized
as the inductor in the magnetic field. Therefore, when the
disk-shaped sample is sufficiently polarized, the CPT of the
reported [17] is also useful. However, if the sample has other
shape, we can measure the complex properties of the sample
using the proposed rectangular CPT as improving the accuracy.

In Section V, through practical experiments, we prove
the proposed technique to draw a broad conclusion. The
measurement of resonant frequency and quality factor by
utilizing VNA is presented. Moreover, the proposed advanced
rectangular CPT is validated using the measured data.

V. PRACTICAL EXPERIMENT AND RESULTS ON REAL

DATA

A. Data Correction

In the proposed RC perturbation measurement, we use the
wooden stickholder to insert or place the sample at the desired

Fig. 6. Maximum sample volume ratio (Vs/Vc)max. (a) Rod/bar of magnetic
material. (b) Sphere/cube of magnetic material. (c) Strip/disk of magnetic
material. The figures of the maximum sample volume ratio simulated by the
ACPT.

position inside the RC for accurate measurement. However,
the holder may have susceptibility of complex permittivity and
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TABLE II

MAXIMUM SAMPLE VOLUME RATIO TO THE CAVITY (Vs/Vc)max TO EVALUATE PERMEABILITY

Fig. 7. Lumped-element equivalent circuit of a resonant cavity at resonant
mode when a dielectric sample is in (a) maximum electric field [20] and
(b) maximum magnetic field.

permeability to change the original sample value. In order
to obtain accuracy, we divide the measured data between
measuring the sample with holder and without holder. In the
data correction procedure, we should satisfy certain conditions.
First, the sample is placed at the maximum electric field, which
has zero magnetic field for the complex permittivity or at
the maximum magnetic field, which has zero electric field
for the complex permeability. Second, the width (wi , i =
1,2) of sample should be much smaller than the guided
wavelength to reduce the effect of fringing field [21]. Provided
the preconditions, it is reasonable that the inductance and
capacitance of the cavity at resonance are unperturbed when
the sample is placed in the maximum electric or magnetic
fields. We have modeled an equivalent lumped-element circuit
at a single resonant frequency, as shown in Fig. 7.

In Fig. 7(a) and (b), the lumped-element equivalent circuits
has resonant frequency and quality factor that can be written
as [10], [20]

fa = 1

2π
√

L(C1 + C2)
, fb = 1

2π
√

C(L1 + L2)
(37a)

Q = 2ω · We,m

Pd
(37b)

where fa and fb indicate the resonant frequencies in Fig. 7(a)
and (b), respectively, We,m indicates the accumulated energy

of electric or magnetic fields, and Pd indicates the power
consumption in the sample.

Based on the evaluation of the parallel lumped-element
equivalent circuit, we can eliminate the interference of holder
to obtain the resonance frequency and quality factor as [21]

ω−2
cs = ω−2

chs − ω−2
ch + ω−2

c = L(Cc + Cs)

f −2
cs = f −2

chs − f −2
ch + f −2

c (38)

where L indicates the inductance of the cavity and C indicates
the capacitance of the cavity. The subscripts c, ch, and chs
indicate the measured parameters from the cavity, the cavity
with the holder, and the cavity with the sample on the
holder, respectively. In this experiment, we measure the natural
resonant frequency of the cavity (ωc), with the holder (ωch),
and with the sample on the holder (ωchs) and then organize
the measured data to derive an expression. The expressions
in (38) show the resonant frequency shift between the empty
cavity ( fc) and the cavity with only sample ( fcs). Likewise,
we can also evaluate the quality factor change between the
empty cavity and the cavity with only sample. As the power
loss and quality factor are in inverse proportion to each other,
the quality factor can be verified from the sum of power loss at
each situation. We measure the natural quality factor (Q−1

c ),
the quality factor with holder (Q−1

ch ), and the quality factor
with sample on holder (Q−1

chs) to verify the quality factor with
only sample as

Q−1
cs = Q−1

chs − Q−1
ch + Q−1

c . (39)

The above-mentioned formulas are approximated because
the port coupling might be dependent on the sample insertion.
Hence, by using (38) and (39), we can obtain the corrected
resonant frequency and quality factor with the sample in the
cavity.

B. Measuring Complex Permittivity and Permeability

In this section, we demonstrate the advantage of the pro-
posed rectangular CPT in various sample shapes and volumes
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Fig. 8. (a) Detailed system sketch. (b) Measurement setup sketch. (c) Flow-
chart for the proposed measurement process.

compared with the reference techniques. In Fig. 8(a), the
S-band WR284 waveguide (a = 72.18 mm, b = 34.16 mm,
and L = 483 mm) is fabricated along with aluminum plates
placed at both the ends, and the sample insertion slit is made
at the centerline of the waveguide. The TE resonant modes in
the waveguide can be calculated as [24]

fmnl = ckmnl

2π
√

μrεr
= c

2π
√

μrεr

√(mπ

a

)2+
(nπ

b

)2+
(

lπ

L

)2

.

(40)

Table III illustrates the calculated and measured resonant
frequency and measured quality factor at the TE10l mode
in the waveguide. It can be noticed from the calculated and
measured results that both are reasonably matched for WR-284
waveguide. To calculate accurate complex permittivity and

TABLE III

RESONANT FREQUENCY AND QUALITY FACTOR
OF THE WR284 WAVEGUIDE

permeability, we utilized the TE105 and TE106 modes, as they
have the highest value of quality factor in the resonant modes.
The resonant frequency and the quality factor are obtained
from the peak point of the S21 parameter. The resonant
bandwidth can be measured by VNA (Agilent E8357A), which
provides the 3-dB method to obtain the Q-factor. Before
carrying out the measurement in the fabricated WR-284 cavity
under both the loaded and unloaded conditions, the VNA was
calibrated by the S-band waveguide calibration kit (Agilent
8722ES and 85033D). At each resonant TE mode, we use the
maximum sampling points (16001) of frequency available on
the VNA to measure the accurate quality factor and resonant
frequency without any curve-fitting technique. In addition, the
overall process is illustrated as a flowchart in Fig 8(c). As
shown in Fig. 9, we show the electric and magnetic field
patterns of the TE105 and TE106 modes in the S-band cavity
resonator, respectively. Therefore, the sample, with the help of
the balsa holder or glass holder, is placed at the center of the
cavity to measure the complex permittivity and permeability.

For verifying the accuracy of the proposed rectangular
CPT, we fabricate two rod-/bar-shaped samples having differ-
ent volumes, disk-shaped samples, and cube-shaped samples,
as shown in Fig. 8(b). The four standard-shaped Al2O3 [18] are
used to measure the complex permittivity in TE105. Also, four
standard-shaped YIG [25] are used to measure the complex
permeability in TE106. These two materials are also satisfied
with a homogenous and isotropic structure. The measured S21
curve of the empty cavity and the S21 curves for the four
type samples are shown in Fig. 10. The resonant frequency
is obtained by measuring the peak point of the S21 curve,
whereas the quality factor is calculated by the 3-dB method for
each mode. The calculated results using the measured data are
listed in Table IV (located in page 13), where the subscript ro
indicates the value from the classical CPT and the subscript ri
and ra indicate the values from the previous CPT literature and
from the proposed rectangular CPT, respectively. Furthermore,
fs and Qs are the resonant frequency and the quality factor
measured in this experiment, respectively. Our proposed CPT
is compared with the previous cavity perturbation calculation
techniques [11], [12]. It is found in Table IV that for the
full-length rod-/bar-shaped Al2O3, the results obtained from
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TABLE IV

COMPARISON BETWEEN THE RESULTS FROM THE EXPERIMENT USING THE CPT IN REFERENCE AND THE ADVANCED RECTANGULAR CPT
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Fig. 9. (a) E-field distribution in TE105. (b) H -field distribution in TE106
(units of the electric and magnetic field in log scale).

Fig. 10. (a) Measured S-parameter data for various dielectric samples in
TE105. (b) Measured S-parameter data for various magnetic samples in TE106.
The resonance frequency in Fig. 10 indicates the peak point for each shape.

three methods have the same value as it is the basic sample
shape, valid also in the original CPT. However, on the contrary
regarding small length rod/bar shape, the imaginary complex

permittivity shows noticeable errors, as the sample size gets
smaller. It shows that the CPTs, except for the proposed
RCPT, are insufficient to evaluate the real and imaginary
permittivities because original CPT is not considering the
phenomena of the sample at the resonant location inside the
resonator. In the reference article [28], they have already
shown and analyzed that the complex properties for partial
lengths of sample in the cavity were difficult to be measured by
conventional CPT. In other shapes (disk and cube), we obtain
more accurate complex permittivity values by utilizing the pro-
posed RCPT than other techniques. Compared with previous
articles in Table IV, we analyzed in detail the polarization
phenomena occurring inside the resonator and calculated the
volume of the sample accurately according to the microwave
field. Similarly, in case of complex permeability, we also
obtain the accurate complex permeability value and report
in Table IV, which does not show any change depending on the
sample volume and shape, when calculated by the proposed
RCPT. For better analyzing the performance, the percentage
error rate in the real and imaginary parts of the complex
properties is shown in Table IV. The error rates are calculated
to compare the value between the original material properties
and the proposed material properties of the same shape and
size. In previous methods, the error rate is up to 98%, and
however, in the proposed method, it has the error rate up to
16%. Although 16% can be seen as an unsatisfied value to
a high accuracy. The actual difference between the results is
‘0.001’ which is sufficiently small difference due to the low-
loss material. Hence, it can be observed that for the dielectric
samples and magnetic samples, the results calculated by the
RCPT come out more accurately than the results calculated
by the CPT and reported CPT. Using the proposed RCPT,
we can get the accurate properties of the sample compared
with the previous CPT, in case of all four standard-shaped
samples. Throughout the result in Table IV, it is evident that
the sample maximum volume can be increased and the sample
properties can be measured more accurately with the various
shapes of sample using the proposed RCPT. In addition, the
CPT, including our proposed method, is mathematically valid
not only in the S-band but also in other frequency bands.
In other words, based on the proposed method, the complex
characteristics of the sample can be measured in various
frequency bands. In Section VI, we propose a method to
measure the permittivity and permeability of materials at the
wide frequency band by the resonators from 2.6 to 13 GHz,
which we fabricate for the experiment. Moreover, since the
proposed method (29) and (30) derives the permittivity and
permeability from the variation of the resonant frequency and
the variation of the Q-factor, we can also obtain the accurate
calculation results by the resonator at over 13 GHz.

VI. APPLICATION TECHNIQUE FOR PROPOSED METHOD

(CONTINUOUS MEASUREMENT METHOD)

In the conventional perturbation method, it is required to
measure the sample by changing the location and position
of material for a specific frequency. However, based on the
result of the cube-type sample in the proposed method, we can
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Fig. 11. (a) Cube-shaped sample’s geometry effects, when measured in the
electromagnetic field of x , y, and z. (b) Example of the cube-type sample
placed in the electromagnetic maximum field of the TE10p mode inside the
RC when measured by the proposed method.

continuously measure the material’s complex properties in a
desired frequency range without changing the location and
position. Among the analyzed sample’s shapes, the cube-
shaped sample receives the same size field in all directions,
as shown in Fig. 11(a). Also, at the center of the RC,
the resonance points of both the odd and even modes of
TE are present at the same time, as shown in Fig. 11(b).
It means that we can measure the complex permittivity and
permeability of the sample without any physical relocation
not only at specific frequency but also in a desired frequency
bandwidth. Therefore, to verify the continuous measurement,
we need to calculate the volume and depolarization factor “N”
of cube-type sample and assign it to (29) and (30) with the
RC structures corresponding to the desired frequency band.
From (10) and (11) in condition of the cube shape at the
maximum E- and H -fields, respectively, the valid volumes
of the cube-shaped sample can be written as

V �
S = a�

(
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2
+ a

2π
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πa�
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2
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2πn
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4

(
1 + sin(kxa�)
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) (
1 + sin(kza�)

kza�

)
. (42)

Fig. 12. (a) Measured complex permittivity (Al2O3). (b) Complex perme-
ability (YIG) data from 2.5 to 13 GHz.

Fig. 13. Picture of (a) cube-shaped Al2O3 and (b) cube-shaped SiC, used
in the proposed measurement method.

From (26), the effective depolarizing factor “N” can be
introduced according to the specification of the cube-shaped
sample and RC in Table IV. For measuring the continuous
complex permittivity and permeability in the proposed rectan-
gular CPT, we use cube-shaped Al2O3 [18] and YIG [25],
which have been verified in Section V. Also, we fabricate
WR-284 (2.6–3.95 GHz), WR-187 (3.95–5.85 GHz), WR-159
(4.64–7.2 GHz), and WR-90 (8.2–12.4 GHz) for wideband
frequency range from 2.5 to 13 GHz, as shown in Fig. 14.
Based on the proposed CPT in Section III, the complex
permittivity and permeability can be measured in the odd
and even modes of TE, respectively. Table V summarizes
the resonance frequency and the quality factor in each mode
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Fig. 14. (a) Picture of WR-90, WR-158, WR-187, and WR-284, used in
measurement. (b) Picture of measurement setup in the experiment.

with the RCs. As a result of substituting the resonance
frequency and quality factor of Al2O3 and YIG into (29) and
(30), respectively, the complex permittivity of Al2O3 and the
complex permeability of YIG can be obtained efficiently from
2 to 12 GHz. Through the result in Fig. 12, it is evident that the
complex properties of the sample can be measured consistently
with the cube shape.

VII. CONCLUSION

In this article, we have demonstrated that the proposed
method has the advantage compared to the conventional CPT
in terms of accuracy, sample size limitation, and physical
relocation. Moreover, it leads to reduce the uncertainty of the
conventional method. Material samples that could not satisfy
the shape and length condition at the desired frequency due
to the difficulty in material processing could not be measured

TABLE V

RESONANT FREQUENCY AND QUALITY FACTOR

with conventional CPT accurately. We can measure such mate-
rial properties using the proposed method more accurately.
To overcome the previous research, we analyzed two aspects
of the electromagnetic field in a sample under measurement.
First, we calculated the valid sample volume in the maximum
electric and magnetic fields. Second, we individually analyzed
the uniform field of RC and the depolarized field that occurred
when the sample is inserted in the cavity. From these analyses,
we applied them to the perturbation theory and proposed a
more precise method for measuring the material’s complex
properties.

By utilizing the proposed technique, a test sample size is
not required to match the waveguide size and to be of a
particular shape. The three-shaped and different size samples
were measured to verify the proposed technique. Based on the
resonance frequency and quality factor of the measurement,
it was confirmed that the properties calculated by the proposed
technique were remarkably close to the reference properties.
In addition, it has been observed from the simulation results
that with different sample shapes, there is an expansion of
the maximum sample volume up to 40% with the proposed
method. This proposed technique allows us to become more
variable from the constraints of the shape and size of the
measurement sample.

Moreover, applying the proposed technique to the cube-
shaped sample, we were able to measure the complex prop-
erties in the wide frequency band, continuously, without any
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TABLE VI

RESONANT FREQUENCY AND QUALITY FACTOR WITH HOLDER

physical relocation. We showed that the results calculated by
the proposed technique were remarkably close to the accepted
reference value through wideband, as can be found in the
literature.

This continuous measurement method proposed in this
article is a breakthrough technique that goes beyond the
disadvantages of the conventional cavity perturbation method
due to obtaining results at specific frequency with physical
relocation of samples in different points of RC.

The proposed technique is more accurate and quite reason-
able compared with the previous cavity perturbation method
for the microwave characterization of dielectric and magnetic
samples at wide frequency band more easily and comfortably.

APPENDIX A

To evaluate the resonant frequency and quality factor for
the properties of the sample under test, we show the cavity
values with holder in Table VI.

APPENDIX B

Complex permittivity and complex permeability are shown
at the top of this page.
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